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Claus Bundesen 

Psychological Laboratory, Copenhagen University, Njalsgade 90, DK-2300 Copenhagen S., Denmark 

Summary. A choice model for partial report from briefly 
exposed visual displays (Bundesen, Shibuya, & Larsen, 
1985) is further investigated and related to a general class 
of selection models called "independent race models." The 
choice model relates performance to the numbers of tar- 
gets and distractors in the stimulus display by way of the 
choice axiom. In race models, the selection process is 
viewed as a race between items in the choice set toward a 
state of having been "processed" in that the first items 
reaching this state are the ones selected. If  items are pro- 
cessed independently and processing times are exponen- 
tially distributed, selection occurs strictly in accordance 
with the choice axiom, so the race model is a choice mod- 
el. The choice model also seems to work as a good approx- 
imation for independent race models based on other gam- 
ma distributions than the exponential one. 

Studies of visual attention deal with limits on our ability, 
first, to divide attention between simultaneous targets and, 
second, to focus attention on targets rather than distrac- 
tors. Theoretically, the two aspects of visual selection may 
be closely related, since rejection of a distractor requires 
processing of that distractor, but the relationship between 
the processing required to reject a distractor and the pro- 
cessing required to attend to a target must be determined 
empirically. Most empirical studies have addressed one or 
the other but not both aspects of visual selection. Typical- 
ly, experiments on selection of targets rather than distrac- 
tors have been conducted by varying the number of dis- 
tractors while keeping the number of targets constant at 
one, whereas experiments on division of attention between 
multiple targets have been conducted without systemati- 
cally varying the number of distractors. As recently argued 
by Duncan (1985), stronger empirical constraints on mod- 
els for the two aspects of visual selection may be found by 
studying performance as a joint function of the number of 
targets and the number of  distractors in the stimulus dis- 
play. 

The models for visual selection described in this article 
are primarily based on experimental studies by Bundesen, 
Pedersen, and Larsen (1984) and Bundesen, Shibuya, and 
Larsen (1985) of performance in the partial-report para- 
digm as a joint function of the numbers of targets and dis- 
tractors in the stimulus display. In the partial-report para- 
digm, the subject is instructed to respond to briefly ex- 

posed displays by reporting as many targets as possible 
while ignoring the distractors. In our experiments, trials 
were blocked by condition such that the subject was in- 
formed about the selection criterion before the stimulus 
was presented. Scores for different selection criteria were 
compared. Scores for displays without distractors yielded 
a whole-report baseline. 

The work was inspired by data and arguments on 
whole-report performance provided by Sperling (1960, 
1963, 1967). With briefly presented visual displays of let- 
ters or digits, Sperling (1960, 1963) found that thenumber  
of items correct in whole report was close to the number of 
items in the stimulus when the display contained four or 
fewer items, and averaged between four and five items for 
displays containing five or more items (whole-report limi- 
tation). When an effective mask was presented at display 
offset, the number of  items correctly reported increased 
rapidly from zero to about four as display duration in- 
creased from zero up to some value between 50 and 
100 ms. With a further increase in display duration, the 
rate of increase in number of  items reported was much 
smaller, about one item per 100 ms at most (see Coltheart, 
1972, 1980; Sperling, 1963, 1967). As argued by Sperling 
(1967), these findings seem to suggest that the whole-report 
limitation reflects the limited capacity of a short-term store 
(recognition buffer memory) with fast read-in and slow 
read-out. 

In the first sections of this article, I describe a choice 
model for partial report developed by Bundesen et al. 
(1984, 1985). The model incorporates a limited-capacity 
short-term store as suggested by Sperling (1967) and a 
Luce (1959) ratio rule. In later sections, I describe a gener- 
al class of models for selection from multielement dis- 
plays, that is, independent race models, and investigate the 
relationship between such models and the choice model. 

A choice model 

Our choice model for partial report assumes that, whether 
partial or whole report is required, performance on any 
trial reflects the number of targets that enter a limited-ca- 
pacity short-term memory store; any target that enters the 
store is correctly reported with probability 0, regardless of 
the fate of other items. Items entering the store may be tar- 
gets, distractors, or extraneous noise. The total number of 
items entering the store, K, is independent of the number 
of targets and distractors in the stimulus. 
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Read-in to the store is conceived as selective sampling 
of items without replacement, such that selection among 
items occurs in accordance with a constant ratio rule 
(Clarke, 1957; Luce, 1959; Luce, Bush, & Galanter, 1963). 
Specifically, for a given selection criterion, there is a ratio 
scale v such that if R is the set of all items remaining after 
selection of k -  1 items (1 < k<_ K) and i e R, then the con- 
ditional probability that item i is the kth to be selected 
equals 

v(i) 
(l) 

Z vO') 
j eR  

In words, items are assigned weights or impacts such that 
the probability that any not-yet-selected item will be the 
next one to be selected equals the impact of that item di- 
vided by the sum of impacts for all items not yet selected. 

The assumptions involved in Equation 1 may be 
spelled out as follows. First, kth choices are related to first 
choices in a way that appears as simple as possible: Given 
that R is the set of all items remaining after selection of the 
first k -  1 items from the choice set U, the conditional 
probability that item i is the kth to be selected from U is 
the same as the probability that item i would be the first 
choice in selection from a choice set consisting exclusively 
of the members of R. 

Second, first choices from different choice sets are in- 
terrelated by the choice axiom proposed by Luce (1959; 
Luce & Galanter, 1963). The axiom can be divided into 
two parts. Let Pu(i) denote the probability that in selecting 
from the choice set U, item i is the first to be selected. The 
first part of the choice axiom says that if Pu(i) > 0 for all i 
e U, then for all i and S such that i e S c U, 

Ps(i) = Pv(i lS) ,  

where Ps(i) is the probability of selecting item i from the 
choice set S, and Pv(i lS)  is the conditional probability 
of selecting i from the choice set U given that the selected 
item belongs to S. The second part of the choice axiom 
says that if Pv(k) = 0 for some k ~ U, then for every 
S c U ,  

Pu(S) = Pv-lkl(S-{k]),  

where Pv (S) is the probability of selecting an item belong- 
ing to S from the choice set U, and Pv_jk](S-[k]) is the 
probability of selecting an item belonging to S-{k] from 
the choice set U- [k}. 

As pointed out by Luce (1959), the first part of the 
choice axiom guarantees that if Pv(i) > 0 for all i ~ U, then 
there is a ratio scale v on U such that for all i and S such 
t h a t i E S C  U, 

v(i) 
Ps(i) j~sV(,j) 

and this ratio scale is given by v(i) = kPv(i), where k is a 
constant unequal to zero. The second part of the choice ax- 
iom means that any item i ~ U such that Pv(i) = 0 may be 
deleted from U without affecting any of the choice proba- 
bilities. If the choice axiom holds not only for U itself but 
also for every subset of U, then the second part of the 
axiom may be applied repeatedly such that any choice set 

S c U is reduced to one consisting exclusively of items i 
such that Pv(i) > 0. The first part of the choice axiom can 
then be applied to the reduced choice set. 

To justify Equation 1, the choice axiom must hold for 
the set of all items U, that is, the union of the stimulus en- 
semble (consisting of all the elements that might appear in 
a stimulus display) and the set of extraneous noise items - 
and for every subset of U containing at least one item j 
such that Pv(J) > 0. When considering selections from 
such sets, any item i for which Pu(i) = 0 may be treated as 
having a v .value of zero. Whether the choice axiom holds 
for subsets of U consisting exclusively of items i such that 
Pu(i) = 0 is immaterial as far as Equation 1 is concerned; 
the equation cannot be applied to such cases because the 
denominator must be different from zero. 

Four-parameter model 

The four-parameter version of the choice model for partial 
report assumes that only those targets that enter the short- 
term store are correctly reported, so the model implies that 
in case n targets enter the short-term store, the conditional 
probability distribution for the number of targets correctly 
reported is the binomial distribution for n Bernoulli trials 
with probability 0 for success. Two further simplifications 
are made. First, all targets have identical impacts and all 
distractors have identical impacts, so no generality is lost 
in setting the impact of a target to 1 and the impact of a 
distractor to a, where t~ is a constant. Second, the number 
of extraneous noise items (in the experimental situation or 
in long-term memory) is large in relation to K, and each 
one has a small probability of being sampled on a given 
trial, so the total impact of the not-yet-selected extraneous 
noise items, ~, is essentially constant during a trial. 

The above simplifications leave four parameters: K, 
the number of items entering the short-term store; ct, the 
impact per distractor with impact per target as the unit; e, 
the total impact of extraneous noise with impact per target 
as the unit; and 0, the probability that a target that has en- 
tered the store is reported. Parameter a is a measure for the 
efficiency of selecting targets rather than distractors. If a 
equals zero, selection is perfect. If  a equals one, sampling 
is nonselective. 

To see how the model works, consider a subject trying 
to select as many targets as possible from a briefly exposed 
display containing Ttargets and D distractors. Let K equal 
four. Regardless of T and D, a total of four items is trans- 
ferred to the short-term memory store. As an example, if 
both Tand D are greater than 1, the probability that the 
first item selected is an extraneous noise item, the second a 
target, the third a distractor, and the fourth a target is giv- 
en by the product of e / ( T  + ~D + e), T/ (T  + otD + e), 
t xD/ [ (T -  1) + ctD + e], and ( T -  1 ) / [ ( T -  1) + t~(D - 
1) + e]. In the case where two targets enter the short-term 
store, the conditional probability distribution for the num- 
ber of targets correctly reported is the binomial distribu- 
tion for two Bernoulli trials with probability 0 for success. 

Three-parameter version 

The predicted mean score (mean number of targets report- 
ed) for a given combination of Tand D equals the product 
of 0 and the predicted mean number of targets sampled. 
Hence, if and when the predicted mean number of targets 
sampled is proportional to K, then K and 0 are not sepa- 
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rately identifiable from observed mean scores (as distinct 
from the underlying frequency distributions of  scores). 
This case is approximated when T a n d  D are large in rela- S5 
tion to K so that the predicted mean number  o f  targets 
sampled is close to the number  that would have been ob- ~ .50 
tained if the model had assumed sampling with replace- ~ 
ment rather than sampling without replacement. Accor- o~ z AS 
dingly, when the analysis is based on observed mean a: 

laJ 

scores and Tand  D are large in relation to K, the four-par- z .~0 
ameter model effectively reduces to a three-parameter _2 (212 

model with a single parameter K' representing the product  cz 
oz .35 

o f  K and 0. Computationally,  the three-parameter model is ~- 
identical to the four-parameter model  with parameter 0 
kept constant at a value o f  1 and K = K'. ~ .30 

.25 Goodness of fit 

Bundesen et al. (1984) tested the three-parameter version 
of  the model against observed mean scores in a variety of  
conditions with partial reports based on brightness, color, 
shape, and alphanumeric class. In each condition, targets 
and distractors were alphanumeric characters positioned 
at random within a 5 × 5 matrix. Number  of  targets Tand  
number  o f  distractors D were varied orthogonally from 0 
to 20 in steps of  5 with the constraint that 0 < (T  + D) < 
25. Each display was exposed for either 60 ms (Experiment 
1) or 100 ms (Experiment 2) with dark pre- and postfields. 
As illustrated in Figures 1 and 2, the model gave good fits 
to the data. Figure 1 displays the group mean of  recipro- 
cated individual mean scores as a function of  D/T( the  ra- 
tio of  the number  of  distractors to the number  o f  targets) 
with Tas  a parameter for selection by color (Experiment 
1). The theoretical fit is indicated by unmarked points con- 
nected with straight lines. This fit is close to the fit that 
would have been obtained if the model had assumed sam- 
piing with replacement rather than sampling without, 
namely, IX = K'T / (T  + o~D + ~) and therefore 

IX-' = (o~/ K') ( 0 / 7  0 + (e /  K') ( l /T )  + ( I / K ' )  (2) 

c~ .qO 
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Fig. 1. Group mean of reciprocated mean scores (number of cor- 
rectly reported items) as a function of D/Tratio (number of dis- 
tractors to number of targets) with T(number of targets) as a pa- 
rameter for selection by color. Twas 5 (squares), 10 open circles), 
15 (hourglasses), or 20 (solid circles). Unmarked points connected 
with straight lines represent a theoretical fit to the data by the 
choice model for partial report. From C. Bundesen, L. F. Peder- 
sen, and A. Larsen, 1984, Journal of Experimental Psychology: Hu- 
man Perception and Performance, 10, pp. 329-339, Experiment 1. 
Copyright 1984 by the American Psychological Association 
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Fig. 2. Group mean of reciprocated mean scores (number of cor- 
rectly reported items) as a function of D/Tratio (number of dis- 
tractors to number of targets) with T (number of targets) as a pa- 
rameter for selection by alphanumeric class. T was 5 (squares), I0 
(open circles), 15 (hourglasses), or 20 (solid circles). Unmarked 
points connected with straight lines represent a theoretical fit 
to the data by the choice model for partial report. From 
C. Bundesen, L. F. Pedersen, and A. Larsen, 1984, Journal of Ex- 
perimental Psychology: Human Perception and Performance, 10, 
pp. 329-339, Experiment 1. Copyright 1984 by the American Psycho- 
logical Association 

Figure 2 shows the corresponding results for selection by 
alphanumeric class in the same experiment. 

The group mean of  individual estimates for K' varied 
little across conditions, with 4.0 and 4.1 items for the color 
and alphanumeric conditions, respectively, in Experiment 
1, and 3.6, 3.9, and 3.3 items for brightness, alphanumeric,  
and shape conditions in Experiment 2. Estimates for c~ 
(impact per distractor with impact per target as the unit) 
varied widely across conditions with group means ranging 
from 0.02 in the brightness condition of  Experiment 2 to 
0.65 in the shape condition of  the same experiment. This 
variation in the efficiency of  selecting targets rather than 
distractors corresponds to the strong variation in slope 
(i.e., the variation in effect of  D/Tratio)  between the func- 
tions depicted in Figures 1 and 2 (cf. Equation 2). Esti- 
mates for e (total impact of  extraneous noise with impact 
per target as the unit) were rather small, with group means 
ranging from 0.28 to 1.15. The effect of  e corresponds to 
the spacing between functions within Figures 1 and 2 (i.e., 
the effect of  parameter T). 

Bundesen et al. (1985) tested the four-parameter model 
against observed frequency distributions o f  the number  of  
items correctly reported as functions of  number  of  targets 
(2, 4, or 12), number  o f  distractors (0, 2, 4, 6, 8, or 10), and 
selection criterion (color or alphanumeric class). Targets 
and distractors were alphanumeric characters positioned 
around the perimeter of  an imaginary circle centered on fi- 
xation. Exposure time was 60 ms and pre- and postfields 
were dark. The analysis was based on individual data for 
two extensively tested subjects. Since little was gained by 
having ~ as a free parameter, e was kept constant near 
zero. 
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Fig. 3. Mean score (number of correctly reported items) for sub- 
ject HS as a function of D (number of distractors) with T(number 
of targets) as a parameter for selection by color. Twas 2 (squares), 
4 (circles), or 12 (diamond). Unmarked points connected with 
straight lines represent a theoretical fit to the data by the choice 
model for partial report. From Attention and Performance XI (pp. 
631-649) by M. I. Posner and O. S. M. Marin (Eds.), 1985, Hills- 
dale, N J: Erlbaum. Copyright 1985 by The International Associa- 
tion for the Study of Attention and Performance 
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Fig. 4. Mean score (number of correctly reported items) for sub- 
ject HS as a function of D (number of distractors) with T(number 
of targets) as a parameter for selection by alphanumeric class. T 
was 2 (squares), 4 (circles), or 12 (diamond). Unmarked points 
connected with straight lines represent a theoretical fit to the data 
by the choice model for partial report. From Attention and Per- 
formance XI (pp. 631-649) by M. I. Posner and O. S. M. Marin 
(Eds.), 1985, Hillsdale, NJ: Erlbaum. Copyright 1985 by The In- 
ternational Association for the Study of Attention and Perfor- 
mance 

The mode l  did  fair ly well at describing the frequency 
dis tr ibut ions of  scores for ind iv idua l  subjects. Out of  192 
observed frequencies,  163 were less than two s tandard  de- 
viat ions from the predic ted  values,  and  none  were more  
than three s tandard  devia t ions  from predict ions.  The re- 
suiting fits to the observed mean  scores are i l lustrated in 
Figures 3 and 4. Figure 3 displays  the mean  score as a 
funct ion of  D with Tas  a pa ramete r  for subject  HS and  se- 
lect ion by color. Figure 4 shows the cor responding  results 
for  selection by  a lphanumer ic  class. 

Estimates for parameters  K and 0 var ied  little with the 
selection criterion. Across the two subjects, est imates for  K 
averaged 3.57 for the color  condi t ions  and 3.52 for the al- 
phanumer ic  condit ions.  Estimates for 0 averaged .92 for 
the color  condi t ions  and,  again,  .92 for the a lphanumer ic  
condit ions.  Estimates for pa ramete r  a var ied  widely with 
the selection cri terion,  averaging 0.05 for the color  condi-  
t ions and 0.36 for the a lphanumer ic  condi t ions,  l 

Independence of  parameter ~ from display size 

Parameter  et was p roposed  as a measure  for the efficiency 
o f  selecting targets rather  than distractors.  The model  em- 
b e d d e d  in Equat ion 1 implies that  a is the same regardless  
of  T a n d  D, and the goodness  of  fit between the mode l  and  
the da ta  of  Bundesen et al. (1984, 1985) lends some sup- 
po r t  to this strong assumption.  

As a further test for the assumpt ion  that  a is independ-  
ent o f  T a n d  D, I tentat ively modi f ied  the model  by incor-  
pora t ing  a new paramete r  that  should reflect any depen-  
dence of  ~ ( impact  per  dis t ractor  with impact  per  target  as 
the unit) upon  the number  of  items in the display.  Specif- 
ically,  I let 

= a(Nb) 

where N i s  the total  number  of  not-yet-selected items in the 
st imulus display,  and  a i> 0. Clearly,  for N = 1, a equals 
a, regardless of  b. For  b = 0, the modi f ied  model  is equiv- 
alent  to the old  four -paramete r  model :  ~ remains  constant  
at a regardless of  N. For  a < 1 and b < 0, c~ is an increas-  
ing function of  N such that  ~ tends to 1 (nonselect ive 
sampling)  as N tends to infinity. For  a < 1 and b > 0, a is 
a decreasing function of  N such that  ~ tends to 0 (perfect 
selection) as N t e n d s  to infinity. 

Table  1 summarizes the least  squares fits repor ted  by 
Bundesen et al. (1984) for the three-parameter  (K',  ~, e) 
version of  the choice model  app l ied  to group da ta  (har- 
monic  means of  indiv idual  subjects '  mean scores) for the 
color  and a lphanumer ic  condi t ions  of  their  first experi-  
ment  and  the brightness,  a lphanumeric ,  and  shape condi-  
t ions of  their  second experiment .  The same fits may  be re- 
garded  as being generated by  the modi f ied  model  with 
pa ramete r  b kept  constant  at zero. Table  2 shows the corre- 
sponding  fits genera ted  by the modi f ied  model  with b as a 

To see how the model parameters relate to the mean scores 
plotted in Figures 3 and 4, note that when e is kept constant 
near zero, the mean score predicted for T:D combination 
2:0 ~20, provided that K >~ 2, and the mean score predict- 
ed for T:D combination 12:0 ~ K0, provided that K >1 12. 
Hence, given that 2 >/ K 1> 12, both K and t3 might be estimated 
from mean scores for T:D combinations 2:0 and 12:0 ("whole-re- 
port scores"). The remaining parameter, c~, reflects both the ef- 
fects of D and the interactions between T and D depicted in 
Figures 3 and 4 



Table 1. Fits reported by Bundesen et al. (1984) for three-parame- 
ter version of choice model for partial report applied to group 
mean scores for selection by various criteria 

Selection Parameter %V a RMSD b 
criterion 

K 1 ~ 

Experiment l 

Color 3.79 0.067 0.41 91.3 0.103 
Alphanumeric class 4.01 0.255 0.22 98.0 0.096 

Experiment 2 

Brightness 3.49 0.024 0.72 83.0 0.108 
Alphanumeric class 3.88 0.502 1.19 98.5 0.096 
Shape 3.14 0.626 0.58 97.9 0.103 

K'  = K0, where K is the number of items entering short-term 
store and 0 is the probability that a target that has entered the 
store will be reported; c~ = impact per distractor with impact per 
target as the unit; e = total impact of extraneous noise with im- 
pact per target as the unit 

" Percentage of variance (with number of targets and number of 
distractors) in group mean score (number of items correctly 
reported) accounted for by the fit 
b Square root of the mean squared deviation between observed 
and theoretical mean scores 
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Table 3. Fits reported by Bundesen et al. (1985) for four-parameter 
version of choice model for partial report applied to individual 
frequency distributions of scores for selection by various criteria 

Selection Parameter %V ~ RMSD b 
criterion 

K a 0 

Subject HS 

Color 3.53 0.061 .906 99.3 0.052 
Alphanumeric class 3.52 0.419 .883 98.5 0.086 

Subject MJ 

Color 3.61 0.043 .942 98.3 0.087 
Alphanumeric class 3.53 0.304 .965 98.5 0.090 

K = number of  items entering short-term store; c~ = impact per 
distractor with impact per target as the unit; 0 = probability that 
a target that has entered the store will be reported. Parameter 
representing the total impact of extraneous noise with impact per 
target as the unit was kept constant at 10 -~° 

" Percentage of variance (with number of targets and number of 
distractors) in observed mean score (number of items correctly 
reported) accounted for by the fit 
b Square root of the mean squared deviation between observed 
and theoretical mean scores 

f ree  paramete r .  As can  be seen, the  ga in  in goodnes s  o f  fit 
by  i n t roduc ing  b as a free p a r a m e t e r  was very  small .  Aver -  
aged  across  the  f ive  cond i t ions ,  the  p r o p o r t i o n  o f  va r i ance  
with  n u m b e r  o f  targets  T a n d  n u m b e r  o f  d is t rac tors  D ac- 
c o u n t e d  for  by the  m o d e l  c h a n g e d  f r o m  93.7% to 94.2%. 
Es t imates  fo r  p a r a m e t e r  b r anged  f r o m  - 0 . 0 4  to + 0.31. 
Es t imates  fo r  pa ramete r s  K'  and  e were  nea r ly  the  same  
for  the  m o d i f i e d  as for  the  or ig ina l  mode l .  

Tab le  3 summar i ze s  the  m a x i m u m  l ike l i hood  fits re- 
p o r t e d  by Bundesen  et al. (1985) for  the  f o u r - p a r a m e t e r  
( K ,  ~, e, 0) cho ice  m o d e l  (with e kep t  cons t an t  nea r  zero)  
app l i ed  to i nd iv idua l  da ta  ( f r equency  d i s t r ibu t ions  o f  
scores  as func t ions  o f  T and  D) for  two  subjects  tested in 
co lo r  and  a l p h a n u m e r i c  condi t ions .  Tab le  4 summar i ze s  
the  c o r r e s p o n d i n g  fits for  the  m o d i f i e d  mode l .  The  ga in  in 
goodnes s  o f  fit  by  i n t r o d u c i n g  b as a free p a r a m e t e r  was 

Table 2. Fits of modified choice model for partial report applied 
to group mean scores reported by Bundesen et al. (1984) for- 
selection by various criteria 

Selection Parameter %V a RMSD b 
criterion 

K '  a b 

Experiment 1 

Color 3.77 0.189 0.159 0.33 92.0 0.099 
Alphanumeric class 4.00 0.362 0.103 0.19 98.1 0.093 

Experiment 2 

Brightness 3.46 0.244 0.307 0.59 84.5 0.103 
Alphanumeric class 3.87 0.603 0.107 1.16 98.5 0.095 
Shape 3.14 0.591-0.040 0.59 97.9 0.103 

K '  = K0, where K is the number of items entering short-term 
store and 0 is the probability that a target that has entered the 
store will be reported; a and b determine how a (impact per dis- 
tractor with impact per target as the unit) varies with N (number 
of not-yet-selected display items) as ~z = a(;~; e = total impact of 
extraneous noise with impact per target as the unit 

Percentage of variance (with number of targets and number of 
distractors) in group mean score (number of items correctly 
reported) accounted for by the fit 
b Square root of the mean squared deviation between observed 
and theoretical mean scores 

Table 4. Fits of modified choice model for partial report applied 
to individual frequency distributions of scores reported by Bunde- 
sen et al. (1985) for selection by various criteria 

Selection Parameter %V a RMSD b 
criterion 

K a b 0 

Subject HS 

Color 3.52 0.009 -0.231 .904 99.3 0.052 
Alphanumeric class 3.52 0.347 -0.094 .882 98.5 0.086 

Subject MJ 

Color 3.61 0.041 -0.005 .942 98.3 0.087 
Alphanumeric class 3.50 0.074 -0.379 .963 99.1 0.069 

K = number of items entering short-term store; a and b determine 
how c~ (impact per distractor with impact per target as the unit) 
varies with N (number of not-yet-selected display items) as a = 
a(N~); 0 = probability that a target that has entered the store will be 
reported. Parameter ~ representing the total impact of extraneous 
noise with impact per target as the unit was kept constant at 10-~0 

a Percentage of variance (with number of targets and number of 
distractors) in observed mean score (number of items correctly 
reported) accounted for by the fit 
b Square root of the mean squared deviation between observed 
and theoretical mean scores 
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negligible; averaged across the four data sets, the propor- 
tion of variance in the mean score accounted for by the 
model changed from 98.7% to 98.8%. Estimates for par- 
ameter b ranged from -0.005 to -0 .38;  estimates for K 
and 0 were virtually the same for the modified as for the 
original model. 

The findings that, first, goodness of  fit was improved 
very little by introducing b as a free parameter and, sec- 
ond, estimates for b were fairly small with an overall medi- 
an near zero (viz., at -0.005) support the four-parameter 
choice model for partial report: To a good approximation, 

seems to be independent of Tand D. 

R a c e  m o d e l s  

The choice rule expressed in Equation 1 was originally 
chosen on grounds of simplicity and computational conve- 
nience. It is tempting to try to extend the choice model for 
visual selection in depth by relating the choice rule to 
plausible process models. Below I describe a general class 
of  process models for selection from multielement displays 
- independent race models - and investigate the relation- 
ship between such models and the choice model. 

Let a race model for selection be a model in which the 
selection process is viewed as a race between items in the 
choice set toward a state "processed" such that, for some K 
/> 1, the first K items reaching the state processed are the 
ones selected. I f  processing times for individual items in 
the choice set (the times at which individual items reach 
the state processed) are independent random variables, I 
call the model an independent race model. 

Let F/(t) be the (continuous) distribution function for 
the processing time of item i. An independent race model 
in which, for any item i, F/(t) is the same regardless of the 
choice set in which item i is presented, is said to be unlimit- 
ed in processing capacity. Independent race models with 
unlimited processing capacity are easy to treat: Let Wbe a 
subset of the choice set S such that W consists of K items. 
By the independence assumption, the probability that the 
K members of W are the first K items reaching the state 
processed when selection is from S is given by 

Ps(W) = Y~ ~ H Fh(t) [I [1-Fi(t)ldFi(t) .  (3) 
i e W  o h e W - { i ]  j e S -  W 

To analyze independent race models with limited pro- 
cessing capacity, we need a quantitative notion of process- 
ing capacity. Intuitively, variations in the amount of pro- 
cessing capacity allocated to an item concern the rate at 
which the item is processed, but not the type of processing 
that is done. More specifically, I propose that the effect of 
processing an item from time 0 to time t with a constant 
capacity of k units should equal the effect of processing 
the item from time 0 to time kt with a constant capacity of 
1 unit. Similarly, the effect of processing an item from time 
0 to time t with a capacity of  C(x) units at time x (0 < × 
t) should equal the effect of processing the item from time 

t 

0 to time 5 C(x)dx with a constant capacity of 1 unit. 
o 

Thus, if F/(t)  is the conditional distribution function for 
the processing time of item i given that the capacity allo- 
cated to item i at time x is Ci (x) units, and G i (t) is the con- 
ditional distribution function given that the capacity allo- 
cated to item i is kept constant at 1 unit, then 

t 
Fi(t) = Gi( l Ci(x) dx). (4) 

o 

The quantitative notion of capacity expressed in Equation 
4 is a simple generalization of the notion of capacity found 
in Rumelhart 's (1970) multicomponent theory for the per- 
ception of briefly exposed visual displays. 

Rumelhart (1970) introduced a notion of attentional 
weights to account for the way Capacity is spread over the 
set of  items in the choice set: For any items i and j, the ra- 
tio between the amount of capacity allocated to item i and 
the amount of  capacity allocated to item j should equal the 
ratio between the attentional weight of item i (wi) and the 
attentional weight of item j (wj). Whereas the amount of 
capacity allocated to an item should be quite variable, the 
attentional weight of the item should be comparatively 
stable. 

Consider an independent race model with limited pro- 
cessing capacity and attentional weights that are constant 
over time. The assumption that attentional weights are 
constant over time means that there is a function V(t) such 
that for any item i in the choice set, the capacity allocated 
to item i at time t equals wiV(t), where w; is the attentional 
weight of item i. As before, let Wbe a subset of the choice 
set S such that W consists of  K items and let us calculate 
the probability Ps (W) that the K members of W are the 
first K items reaching the state processed when selection is 
from S. 

By the independence assumption, Ps (W) is given by 
Equation 3 if distribution functions F h (t), F/(t), and Fj (t) 
are interpreted as conditional distribution functions for 
the processing times of items h, L and j given attentional 
weights w h, wi, and wj and the variation in capacity specifi- 
ed by V(t). Since the capacity allocated to item i at time t 
equals wiV(t), Equation 4 implies that 

I I 

Fi(t) = Gi ( I w, V(x) dx) = Hi ( ~ V(x) dx), (5) 
0 o 

if H i (t) is defined as the conditional distribution function 
for the processing time of item i, given that the capacity al- 
located to item iis kept constant at wi units. By substituting 
Equation 5 in Equation 3 (and assuming that the total ca- 
pacity spread over items in the choice set never vanishes 
before K items have been processed) one finds that Ps (W) 
is given by Equation 3 with H h (t), Hi (t), and ~ (t) substi- 
tuted for F~ (t), F i (t), and Fj. (t), respectively. Thus, if atten- 
tional weights are kept constant, variations in capacity af- 
fect expectations concerning the times at which items are 
sampled, but expectations concerning the order in which 
items are sampled are not affected. 

The results may be summarized as follows: For inde- 
pendent race models with unlimited processing capacity, 
selection probabilities Ps (W) are given by Equation 3. For 
any independent race model with limited processing ca- 
pacity and constant attentional weights, there are inde- 
pendent race models with unlimited processing capacity 
that predict the same selection probabilities Ps (W) as the 
limited capacity model. One of these unlimited capacity 
models can be constructed by supplying each item i with a 
distribution function equal to//1" (t);/-/1" (t) was defined as 
the distribution function assumed in the limited capacity 
model for the processing time of item i given that the ca- 
pacity allocated to item i is kept constant at wi units, where 
w i is the attentional weight of  item i. 
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Exponential and gamma models 

Bundesen et al. (1985) showed that the choice rule ex- 
pressed in Equat ion 1 is impl ied  by race models  in which 
i tems are processed independen t ly  and processing t imes 
are exponent ia l ly  distr ibuted.  The fits repor ted  by Bundes- 
en et al. (1984, 1985 ) may  thus be regarded as fits by  inde-  
penden t  race models  with unl imi ted  processing capaci ty  
and exponent ia l  d is t r ibut ion functions for  processing 
t imes of  targets, d i s t rac to rs ,  and  extraneous noise ele- 
ments. In this in terpreta t ion,  the impact  o f  an e lement  is 
p ropor t iona l  to the exponent ia l  rate paramete r  of  the dis- 
t r ibut ion funct ion fo r  the element. Setting the rate at which 
a target is processed at 1 per  unit  of  t ime, ~ is the rate at 
which a dis t ractor  is processed,  and  e is the overal l  rate of  
noise processing (the sum of  all rate parameters  for ex- 
t raneous noise elements). The way paramete r  e is t reated in 
the choice model  Can be proved  correct  on the hypothesis  
that  the number  of  extraneous noise elements processed 
between t ime 0 and t ime t is Poisson dis t r ibuted with par-  
ameter  et, and  this hypothesis  can be der ived f rom the as- 
sumpt ion  that  dis t r ibut ion funct ions for extraneous  noise 
elements are exponent ia l  with ind iv idua l  rate parameters  
that  are vanishingly small  in relat ion to e. 

Alternat ively,  the fits repor ted  by Bundesen et al. 
(1984, 1985) may  be regarded as fits by independen t  race 
models  with l imited processing capaci ty  and  at tent ional  
weights that are constant  over time. Parameter  ~ might  
thus be regarded as the ratio of  the a t tent ional  weight o f  a 
dis t ractor  to the a t tent ional  weight of  a target,  and  par-  
ameter  e might be regarded as the rat io o f  the sum of  the 
at tent ional  weights of  all noise elements to the a t tent ional  
weight of  a target. 

The exponent ia l  d is t r ibut ion with rate pa ramete r  Ix is a 
special  case o f  the gamma dis t r ibut ion with rate pa ramete r  
Ix and convolut ion pa ramete r  r, namely,  the case in which r 
equals 1. As r increases, the g a m m a  dis t r ibut ion changes in 
shape such that,  in the limit, it becomes a normal  distr ibu- 
tion. To see how the behavior  of  independen t  race models  
based  on gamma distr ibut ions depend  upon  the choice of  
pa ramete r  r, I refi t ted the da ta  collected by Bundesen et al. 
(1985). Specifically,  I assumed that  processing times for 
targets and  distractors  were g a m m a  dis t r ibuted with differ- 
ent rate parameters ,  but  with common  convolut ion  par-  
ameter  r. Cons ider ing  the results o f  the analysis  by Bun- 
desen et al. (1985), effects of  extraneous noise on the ob- 
served scores were assumed to be  negligible. The resulting 
g a m m a  model  conta ined  four  parameters :  K, the number  
of  items entering the short- term store; r, the convolut ion  
pa ramete r  of  the gamma dis t r ibut ions;  a ,  the rat io o f  the 
rate paramete r  for a d is t ractor  to the rate pa ramete r  for a 
target;  and 0, the probabi l i ty  that  a target  that  has entered 
the short-term store will be reported.  In  fitt ing the model  
to the data,  I fo l lowed the procedures  used by  Bundesen et 
al. (1985). Fits app roached  in the l imit  as r ~ oo (referred 
to as "fits for r = oo") were de te rmined  by treat ing pro-  
cessing times for targets and  distractors  as independent ,  
normal ly  dis t r ibuted r andom variables with equal  disper- 
sions. 

Table 5 summarizes  max imum l ike l ihood fits by the in- 
dependen t  gamma race model  with pa ramete r  r kept  con- 
stant at 1, 2, 4, and  oo, respectively.  The fits by  the g a m m a  
model  with pa ramete r  r kept  constant  at 1 are identical  to 
the original  (Bundesen et al., 1985) fits by the choice mod- 

Table 5. Fits of gamma race models with various convolution pa- 
rameters applied to individual frequency distributions of scores 
reported by Bundesen et al. (1985) for selection by various criteria 

Convolution Parameter %V " RMSD b 
parameter r 

K po 0 

Subje~ HS 

Selection by color 
1 3.53 .943 .906 99.3 0.052 
2 3.54 .945 .905 99.3 0.051 
4 3.54 .946 .905 99.3 0.051 

3.54 .947 .903 99.2 0.057 

Selection by alphanumeric class 
1 3.52 .705 .883 98.5 0.086 
2 3.53 .701 .884 98.5 0.087 
4 3.53 .698 .884 98.4 0.088 

3.53 .691 .885 98.3 0.092 

Subje~MJ 

Selection by color 
1 3.61 .959 .942 98.3 0.087 
2 3.6! .961 .941 98.1 0.091 
4 3.62 .963 .940 97.9 0.096 

~' 3.62 .965 .937 97.3 0.108 

Selection by alphanumeric class 
1 3.53 .767 .965 98.5 0.090 
2 3.53 .764 .965 98.3 0.096 
4 3.53 .762 .965 98.2 0.101 

3.54 .757 .964 97.7 0.112 

K = number of items entering short-term store; Pd = probability 
that a target is processed faster than a distractor; 0 = probability 
that a target that has entered the store will be reported 

a Percentage of variance (with number of targets and number of 
distractors) in observed mean score (number of items correctly 
reported) accounted for by the fit 
b Square root of the mean squared deviation between observed 
and theoretical mean scores 

el. To facil i tate compar i son  between the four models  (ver- 
sions of  the gamma model  with r = 1, 2, 4, and  oo), each 
mode l  is descr ibed in terms o f  pa ramete r  Pd in add i t ion  to 
parameters  r, K, and 0; Pd is the theoret ical  p robabi l i ty  that  
in a race between a single target  and  a single dis tractor ,  the 
target  reaches the goal  state before  the distractor.  2 As can 
be seen, both  goodness  of  fit and  estimates for parameters  
K, pd,and 0 were near ly  the same for the four  models.  

To sum up, the original  fits to our da ta  by  the choice 
mode l  for visual selection may  be regarded as fits by an in- 
dependen t  exponent ia l  race model  with unl imi ted  process-  
ing capaci ty  or  with l imited processing capaci ty  and atten- 
t ional  weights that  are constant  over time. Highly  s imilar  
fits were p roduced  by  assuming that  processing t imes for 
targets and distractors  were gamma dis tr ibuted with com- 
mon  convolut ion  pa ramete r  r equal  to 2, 4, or 0% rather  
than to 1. The results suggest that  the choice model  works 
as a good  approx ima t ion  for independen t  race models  
based  on gamma distr ibut ions with convolut ion  pa ramete r  
r, regardless o f  the value of  r. 

2 By use of Equation 3, it can be shown that 

r-I  (r-- 1 + i ) y ~  ~i(1 + ~ ) - i - ,  

PJ= i=O i 
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Discussion 

Choice model 

The choice model for visual selection has provided highly 
accurate accounts for the joint effects of the numbers of 
targets and distractors on the number of  items correct in 
partial reports with a variety of selection criteria. Esti- 
mates obtained for the parameters appear psychologically 
plausible, and variation in a single parameter, ~, has ac- 
counted for the strong effects in performance generated by 
varying the selection criterion. The model seems generally 
consistent with the literature on visual search through 
briefly exposed displays, and it has clearly testable impli- 
cations regarding which of its parameters ought to be in- 
fluenced by variables such as practice and target-distractor 
discriminability (see Bundesen et al., 1985). 

Analysis of  partial reports in terms of the choice model 
has suggested two fundamental measures for attentional 
limitations: Our ability to divide attention between simul- 
taneous stimuli is measured by parameter K, the total 
number of items entering the short-term store. In the 
experiments of Bundesen et al. (1984, 1985), estimates for 
K ranged between three and four items, regardless of the 
selection criterion. Our ability to focus attention on targets 
rather than distractors is measured by parameter ~, the im- 
pact per distractor with the impact per target as the unit. In 
the experiments of Bundesen et al., estimates for ~ ranged 
from about 0.02 to about 0.65, depending upon the selec- 
tion criterion. 

Race models 

The choice model relates performance to the numbers of  
targets and distractors in the stimulus display by way of 
the choice axiom. In race models, the selection process is 
viewed as a race between items toward a certain state such 
that the first K items reaching this state are the ones select- 
ed. On the basis of the selection probabilities predicted, an 
independent race model with unlimited processing capaci- 
ty is indistinguishable from a model with limited process- 
ing capacity and time-invariant attentional weights. I f  pro- 
cessing times for individual items are exponentially distri- 
buted, both models predict selection probabilities that sa- 
tisfy the choice axiom. The choice model also seems to 
work as a good approximation for independent race mod- 
els based on other gamma distributions than the exponen- 
tial one. 

Other models 

There are other process models for selection than race 
models. In comparison models based on signal detection 
theory (Tanner & Swets, 1954), each item is associated 
with a strength variable taking values on a one-dimension- 
al continuum and items are assumed to be selected in or- 
der of decreasing (or increasing) strength. Comparison 
models for visual selection have been proposed by Hoff- 
man (1978) and Shaw (1980, 1984). Clearly, for any race 
model, there is a comparison model yielding the same se- 
lection probabilities as the race model, and this compari- 
son model may be constructed from the race model by 
reinterpreting the probability density f / ( t )  that the process- 
ing time for item i equals t as the probability density that 
the strength variable associated with item i takes the value 
t. As the comparison model requires a process of compar- 

ison between stimulus items with respect to strength, the 
comparison model is noticeably more complex than the 
corresponding race model. 

For analysis of partial reports both simplicity and face 
validity favor race models rather than comparison models; 
prima facie, reporting as many targets as possible from a 
stimulus display requires no comparison between stimulus 
items within the display. For some other paradigms, how- 
ever, comparison models have face validity. One example 
is a localization paradigm used by Shaw (1984), in which 
the task is to select the stimulus location providing the 
strongest impression that it contains a target; prima facie, 
this task requires a comparison between stimulus items 
within the display with respect to target-likeness. 

Shaw (1984) found that with increasing display size, 
the decrease in accuracy for locating a target letter among 
other letters was too large to be accommodated by any in- 
dependent comparison model assuming that, first, 
strengths of items are independent of display size and, sec- 
ond, regardless of display size, the subject always chooses 
the location with the largest strength. Maintaining the sec- 
ond assumption, she suggested that for letter detection, di- 
vision of attention causes increasing overlap between the 
strength distributions for targets and distractors as display 
size is increased. An alternative interpretation that main- 
tains the first assumption is that with increasing display 
size, the selection of the location of the stimulus item gen- 
erating the most target-letter-like impression becomes less 
and less accurate due to increasing load in the comparison 
stage. In this interpretation, comparisons between stimulus 
items with respect to a criterion such as degree of similari- 
ty to a target letter are subject to capacity limitations. 
Modeling such comparison processes and explaining their 
limitations goes beyond the scope of the race models I 
have developed for visual selection from multielement dis- 
plays. 
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